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Abstract. We study a large class of Poisson manifolds, derived from Manin 
triples, for which we construct explicit partitions into regular Poisson subman- 
ifolds by intersecting certain group orbits. Examples include all varieties C of 
Lagrangian subalgebras of reductive quadratic Lie algebras with Poisson struc- 
tures defined by Lagrangian splittings of 0. In the special case of g © g, where 
g is a complex semi-simple Lie algebra, we explicitly compute the ranks of the 
Poisson structures on L defined by arbitrary Lagrangian splittings of 0©g. Such 
Lagrangian splittings have been classified by P. Delorme, and they contain the 
Belavin-Drinfeld splittings as special cases. 



Lie theory provides a rich class of examples of Poisson manifolds/varieties. In 
this paper, we study a class of Poisson manifolds of the form (D/QjIIuu/), where 
D is an even dimensional connected real or complex Lie group whose Lie algebra D 
is quadratic, i.e. is equipped with a nondegenerate invariant symmetric bilinear 
form ( , ); the closed subgroup Q oi D corresponds to a subalgebra q of t) that is 
coisotropic with respect to ( , ), and (u, u') is a pair of complementary Lagrangian 
subalgebras of 0. A Lie subalgebra [ of d will be called Lagrangian if l-*- = [ with 
respect to ( , ). We will call such a splitting d = u + u' a Lagrangian splitting. The 
Poisson structure Ilu,u' is obtained from the r-matrix 



i=l 

where {xi, . . . , Xn} and {^i, . . . , are pairs of dual bases of u and u' with respect 
to ( , ). We refer the reader to § 12.21 for the precise definition of IIu^u'. 

Let U and U' be the connected subgroups of D with Lie algebras u and u' 
respectively. Our first main result, see Theorem 12.71 and Proposition I2.13t is that 
when 



all intersections of U and C/'-orbits in D/Q are regular Poisson submanifolds. In 
fact, if A^(u) and A^(u') denote the normalizers of u and u' in D respectively, we 
also show that all intersections of A^(u) and A^(u')-orbits in D/Q are regular Pois- 
son submanifolds. Note that the condition (jl.ip is an intrinsic property of the 
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coisotropic subalgebra q of (f , ( , )) and does not depend on the Lagrangian split- 
ting O = u + u'. Once this condition is verified for a given q, the above result 
provides "regular" partitions for the Poisson structures Ilu,u' on D/Q for any La- 
grangian splitting d = u -|- u'. 

Our second main result shows that the condition is satisfied when X) is 

reductive and q is the normalizer subalgebra in d of any Lagrangian subalgebra 
of (p, (, )). In fact, we show in Proposition 13.31 that in this case [q,q] = q-*-. Let 
)) be the variety of Lagrangian subalgebras of )). All D-orbits in 

C{i,{, )) are of the form D/N{{), where A^([) is the normalizer subgroup in D 
of an [ € /^(f, ( , )), and every Lagrangian splitting = u -|- u' defines a Poisson 
structure Tlvi,u' on ( , )). As a corollary of the second main result we obtain 
that, if X) is an even dimensional reductive quadratic Lie algebra, then every non- 
empty intersection of an A'^(u)-orbit and an A^(u')-orbit on £(0, (, )) is a regular 
Poisson submanifold with respect to „/ 

In ^ we take the special case when c) = g g for a complex semi-simple Lie 
algebra g and 

{{xi,x2), (yi,y2)) =< xi,yi > - < X2,y2 », xi,x2,yi,y2 G 0, 

where <C ., . ^ is a nondegenerate invariant symmetric bilinear form on g whose 
restriction to a compact real form of g is negative definite. Lagrangian splittings of 
(fl ©01 ( ) )) have been classified by Delorme [4]. In particular, one has the Belavin- 
Drinfeld splittings © = 0diag + where 0diag is the diagonal of © 0. For any 
I G £(0 © 0), A''([)-orbits in £(g © g) can be described by using results in [15J. For 
an arbitrary Lagrangian splitting g © g = li -|- [2 we prove that the intersection 
of each A^(li) and A^(l2)-orbit on £(g © g) is connected. Further, using [15], we 
compute the rank of all corresponding Poisson structures IIi^jj on £(g © g). This 
result extends the dimension formulas for symplectic leaves in the second author's 
classification [22] of symplectic leaves of Belavin-Drinfeld Poisson structures on 
complex reductive Lie groups. Our result also generalizes the rank formulas of S. 
Evens and the first author for the standard Poisson structure on £(g © g). 

As have been shown in [71|8], all real and complex semi-simple symmetric spaces, 
as well as certain of their compactifications can be embedded into suitable varieties 
of Lagrangian subalgebras. Out results show that all such spaces carry Poisson 
structures and natural partitions into regular Poisson subvarieties. 

All manifolds and vector spaces in this paper, unless otherwise stated, are as- 
sumed to be either complex or real. 

A submanifold of a Poisson manifold (M, vr) will be called a complete Poisson 
submanifold if it is closed under all Hamiltonian flows or equivalently it is a union 
of symplectic leaves of vr. 
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2. The Poisson spaces D/Q 

Recall that a quadratic Lie algebra is a pair (f, ( , )), where c) is a Lie algebra 
and ( , ) is an invariant symmetric nondegenerate bilinear form on 0. Throughout 
this section, we fix a quadratic Lie algebra (0, ( , )) and a connected Lie group D 
with Lie algebra 0. For a subspace y of c), set 

(2.1) = {xe^\{x,y) =d,\lyeV}. 

2.1. Lagrangian splittings. A coisotropic (resp. Lagrangian, isotropic) subalge- 
bra of d (with respect to (, )) is by definition a Lie subalgebra q of c) such that 
C q (resp. q-^ = q, q C q-^). 

Definition 2.1. A Lagrangian splitting of c) is a vector space direct sum decompo- 
sition d = u + u', where u and u' are both Lagrangian subalgebras of d. The triple 
(i),u, u') is also called a Manin triple fl2\ . 

Given a Lagrangian splitting c) = u + u', for a subspace W C u, set 

(2.2) = e u' I (C, x) = 0,Va; e W} = W^Hu'. 

We now recall how Lagrangian splittings give rise to Poisson Lie groups. Recall 
that a Poisson Lie group is a pair (G, vr), where G is a Lie group and vr is a Poisson 
structure on G such that the group multiplication G x G — > G is a Poisson map. 
When a (not necessarily closed) subgroup of G is also a Poisson submanifold 
with respect to vr, (H, tt) is itself a Poisson Lie group and is called a Poisson Lie 
subgroup of (G, vr). If (G, vr) is a Poisson Lie group, then 7r(e) = 0, where e G G is 
the identity element. Let g be the Lie algebra of G, and let deir : g A^g be the 
linearization of vr at e defined by 

((ievr)(x) = (L5;7r)(e), 

where for x € S, x is any local vector fields with x{e) = x and L^n is the Lie 
derivative of vr at e. Then (g, devr) is a Lie bialgebra |12j called the tangential Lie 
bialgebra of (G, vr). 
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Assume that = u + u' is a Lagrangian splitting. The bihnear form ( , ) induces 
a non-degenerate pairing between u and u'. Define 

(2.3) 5n: u — >a\: {Su{x), y A z) = {x,[y, z]), xeu,y,zeu', 

(2.4) 6u' : u' — > a\' : {6u'{x),y A z) = {x,[y,z]), x£u',y,z£u. 

Then (u, 6u) and (u', 6^') are Lie bialgebras \12\. Associated to the sphtting d = u+u' 
we also have the r-matrix 

1 " 

(2.5) = - J];^^- Ax^- G A^i), 

i=i 

where {xi,X2, • • • , x„} and {.^i, ■ " " i Cn} are bases of u and u', respectively, such 
that {xi,(,j) = 6ij for 1 < i, j < n. It is easy to see that -Ru,u' is independent of the 
choice of the bases. Moreover, the Schouten bracket [Ru,u', Ru,u'] ^ is given by 

(2.6) {[Ru,u', Ru,u'], aAbAc) =2{a,[b,c\), a,b,ced. 

Recall that D is a connected Lie group with Lie algebra 0. Denote by U and U' 
the connected subgroups of D with Lie algebras u and u', respectively. Let -R^^/ 
and i?y be the left and the right invariant bi- vector fields on D with values Ru.u' 
at the identity element. Set 

(2.7) vr^jj, := ii^^, — R\^y^,. 
The following fact can be found in jSJ I12j . 

Proposition 2.2. The bivector field vr^^^, is a Poisson structure on D and {D, vr^^,) 
is a Poisson Lie group. Both U and U' are Poisson Lie subgroups of {D,7t^^^,). Let 

(2.8) TTu = vr^u'lc/' '^U' = -'^u,u'\u'- 

Then the tangential Lie bialgebras of the Poisson Lie groups (U,ttu) and {U',ttu') 
are respectively {u,6u) and {u',6u')- 

2.2. The Poisson spaces D/Q. Assume that Q is a closed subgroup of D whose 
Lie algebra q is a coisotropic subalgebra of ((),(, )). For an integer A; > 1, let 
X^{D/Q) be the space of A;- vector fields on D/Q. Then the left action of D on 
D/Q gives rise to the Lie algebra anti-homomorphism 

k: ^^x\D/Q) 

whose multi-linear extension X^{D/Q) will be denoted by the same letter. 

Given a Lagrangian splitting D = u + u', define the bivector field Ily y/ on D/Q 

by 

(2.9) n„,„, := K(i?u,uO, 

recall ()2.5p . The following theorem is the main result for this subsection. 
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Theorem 2.3. For every Lagrangian splitting X) = u + u' and every closed subgroup 
Q of D whose Lie algebra q is coisotropic in d, 

1) rin y/ is a Poisson bi-vector field on D/Q; 

2) all U and U' -orbits in D/Q are complete Poisson submanifolds of {D/Q, Uu^u')- 

Proof. 1) The Lie algebra of the stabihzer subgroup of each point oi D/Q is a 
coisotropic subalgebra of 0. To prove that n„^„/ is Poisson, it suffices to show that 

[-Ru,u', ^u,u'] eqAdAd 
for each coisotropic subalgebra q of i). This is equivalent to 

{[Ru,u', Ru,u'],a Ab Ac) =0, Va, 6, c G q"*" 

which follows from (|2.6p because q-*- is an isotropic subalgebra of d. 

Denote by Kq : D — > D/q the canonical projection and its induced map A^D — > 
A^(D/q). The second part of Theorem 12.31 now follows from Lemma 12.41 below. 

Q.E.D. 

Lemma 2.4. For every coisotropic subalgebra q ofd, one has 

Kq(i?u,u') G (Kq(A2u)) n (Kq(AV)) . 

Proof. It is sufficient to show that Kq(i?u^u/) G /tq(A^u). Let {xi,X2,--- ,xi} be 
a basis for u n q. Extend it to a basis {xi,X2,--- , xi, xi+i, ■ ■ ■ ,Xn} of u. Let 
{?!;■■■ iCn} be the dual basis of u' with respect to (, ). It is easy to see that 
(u n q)° = Span{^/+i,^/+i, • • • ,Cn} = Pu'{(\'^), recah ([22]), where pw ■ '0 ^ u' is the 
projection along u. Choose yj G u such that yj + .^j G q"*" for / + 1 < j < n and 
write 

Ru,u' = 2 ^ + 2 ^ ^ ^■''^ ^^^~2 ^ ^ 

j=i j=i+i j=i+i 

Since Kq(xj) = for 1 < j < / and Kq{yj + ^j) = for / + 1 < j < n, we have 

1 " 

(2.10) Kq(Ru,u') = Yl ^ ^q(2;j) e Kq{A\). 

j=l+l 

Q.E.D. 

In the setting of Theorem 12.31 the action map 

(D,^^„,) X {D/Q, n„,„,) {D/Q, n„,„o 

is easily seen to be Poisson. Thus {D/Q,Iluy) is a Poisson homogeneous space [S] 
of (-D,vrfy,)- By part 2) of Theorem [M each U and [/'-orbit in D/Q is a Poisson 
homogeneous space of {U,ttu) and ([/', — vr^/'), respectively. 
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2.3. Rank of the Poisson structure on D/Q. For d G D set d = dQ G 

D/Q. Consider the [/-orbit U.d through d. Then (C/.d, IIu^u') is a Poisson homo- 
geneous space of {UjTTij). Denote by id the Drinfeld Lagrangian subalgebra of d, 
associated to the base point d of U.d, cf. [5j. It is defined as fohows: identify 
TdiU.d) = u/(u n Ad^g) and regard li-uyid) as an element in (u/(u n Adrff?)). 
For ^ € (u n Adrfg)°, recall (fO) . let L^Uuy{d) G u/(u n Ad^g) be such that 
{i^I^u,u' (d) , v) = ry) for all r] G {uHAddq)^- Then C is given 

by 

[rf = {x + ^ I X G u, ^ G (u n Addqf, i^n^,wid) = x + u n Add^}. 
If Rankn^ (d) denotes the rank of Ily y/ at d, it is easy to see from the definition 
of Id that 

(2.11) Rankn^ (d) = dim{U.d) - dim(u' n U). 
Proposition 2.5. For any d £ D, the Drinfeld Lagrangian subalgebra Id is 

(2.12) [rf = Addq^ + u n Adrfg. 

Proof. Since the stabilizer subalgebra of at d is Ad^q, it is enough to prove that 
[e = q"*" + u n q, where e is the identity element of D. Note that since q-*" C q, 

(q-^ -h u n q)-^ = q n (u n q)-^ = q n (u -h q-^) = u n q + q-^. 

Thus q-*- -|- u n q is a Lagrangian subspace of d. Since le is Lagrangian in and 
u n q C le, it is sufficient to show that q-*- C le- 

For 1 < i < n and / + 1 < j < n, let Xj G u, G u' and yj G u be as in the proof 
of Lemma [231 If y + G q^, for some y G u, ^ G u', then ^ = ^j^j- Thus 

y + £, — Yl'j=i+i ^jiVj + €j) G u n q-*- C [. The proposition will now follow if we show 
that Vj + ij G le for every / + 1 < j < n. By (l2l(l 

1 " 

nu,u'(e) = -- ^ (yj + u n q) A (xj + u n q) G ^^{^x/{u fl q)) ^ h^TJ^IQ. 

j=i+i 

Thus for each I + 1 < j < n, 

1 1 " 

i^^j^u,u'{e) = -Vj - 2 ^ {ij^yk)xk + u n q. 

k=l+l 

Since = {y^ + Cj,yk + 4) = {^j,yk) + (Cfc, ^i) for / + 1 < < n and since Xj G u n q 
for 1 < J < we have 



11 11 

%'nu,u'{e) = -yj + Yl i^k,yj)xk + u n q = -y^ + - Y{Ck,yj)xk + u n q 

1 

2' 

we see that yj + G le- 

Q.E.D. 



k=l+l k=l 

-jVj + + u n q = yj + u n q, 



REGULAR PARTITIONS OF POISSON MANIFOLDS 



7 



Since u + u' = d, f7-orbits and C/'-orbits in D/Q intersect transversally. By 
Theorem 12. 3( any such non-empty intersection is a Poisson submanifold of IIu^u'. 
The following corollary gives the corank of Ilu,u' in U.dD U'.d at d for every d (z D. 

Corollary 2.6. For any d £ D, 

Rankn^, (d) = dim{U.d n U'd) + dim{D/Q) - dim(f/.'d) - dim(u' n U), 
where Id is the Drinfeld Lagrangian subalgebra given by (j2.12p . 

Proof. The statement follows immediately from (I2.1ip and the fact that 
dim([/.d) + dim(C/.'d) - dim{D/Q) = dim(C/.d n ?7.'d). 

Q.E.D. 

2.4. First main theorem. Recall that a manifold with a Poisson structure of 
constant rank is called a regular Poisson manifold. 

Theorem 2.7. // q is a coisotropic subalgebra ofD such that [q,q] C q"*", then for 
any closed subgroup Q of D with Lie algebra q and for any Lagrangian splitting 
= u + u' of d, the intersection of any U -orbit with any U' -orbit in D/Q is a 
regular Poisson submanifold for the Poisson structure 11^ ^/ . 

Proof. Let again e be the identity in D. Since [Ad^qjAd^q] C (Adrfq)-*- for any 
d G it suffices to show that U.en U'e is a regular Poisson manifold of !!„ „/. Let 
a £ U and a' £ U' be such that a = of £ U.e n U!e. Then there exists b £ Q such 
that a = a'b. Thus 

dim(u' n y = dim(u' n Ada(q-^ + u n q)) = dim(u' n Ada/fe(q-^ + u n q)) 

= dim(u' n Ad;,(q-^ + u n q)). 

Since [q, q] C q-*", we have [q, q^+uRq] C [q, q] C q^ C q-'-+unq. Thus Q normalizes 
q-^ + u n q, and Ad;,(q-^ + u n q) = q^ + u n q. Hence dim(u' n y = dim(u' n y . It 
follows from Corollary 12.61 that the rank of Ilu,u' &t £ is the same as that at e. 

Q.E.D. 

The special case of Theorem 12.71 when the Drinfeld subalgebras of all points of 
{D/QjU^^y) integrate to closed subgroups of D, can be also proved using Karolin- 
sky's result [TO] . 

Remark 2.8. Note that if q C is a coisotropic subalgebra such that n(q) = q, 
where n(q) is the normalizer of q in d, then [q,q] D q-*-. Indeed, if x € [qjq]"*", 
then (x, [q,q]) = which implies that ([x,q],q) = 0, so [x,q] C q-*" C q. Thus 
X G n(q) = q. This shows that [c\,c\]'^ C q, so [q,q] D q"*". We thus conclude that, if 
q is coisotropic such that n(q) = q and [q, q] C q-*-, then [q, q] = q-*-. 

This remark will be used in ^3.2[ 
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Corollary 2.9. Let L he a closed subgroup of D whose Lie algebra [ C f is La- 
grangian. Then for any Lagrangian splitting = u + u', symplectic leaves o/IIu^u' in 
D/L are precisely the connected components of the intersections ofU and U' -orbits 
in D/L. 

Proof. Again it is enough to prove that U.e Ci U'.e is symplectic. By Corohary 12.61 
and Theorem 1 2. 7^ the corank of !!„ „/ in U.e PI U'e is equal to 



Remark 2.10. Corollary 12.91 describes the symplectic leaves for a large class of 
Poisson homogeneous spaces. Indeed, by [5], every Poisson homogeneous space of 
{U, TTjj) is of the form U/LL, where H is a subgroup of U whose Lie algebra is ufl I for 
a Lagrangian subalgebra [ of 0. In the case when LL = U H L, where L is a closed 
subgroup of D with Lie algebra I, we can embed U/H into D/L as the [/-orbit 
through e. This embedding is also Poisson. Thus the symplectic leaves of U/H are 
the connected components of the intersections of U/LL with the C/'-orbits in D/L, 
i.e. with the ([/',— vrj//) Poisson homogeneous spaces inside (D/LjIIuu/). 

We conclude this subsection with an example showing that the statement of 
Theorem 12.71 is incorrect if the condition [q,q] C q-*- is dropped. 

Example 2.11. Let G a connected complex simple Lie group with a pair of opposite 
Borel subgroups B and B~ . Set g = LieG, T = B Ci B~, and f) = LieT. Then 
f = © f) is a quadratic Lie algebra with the bilinear form 

{{xi,X2), (yi,y2)) =< xi,yi > - < X2,2/2 », xi,yi, G g,X2,y2 G f) 

where <C ., . ^ is a nondegenerate symmetric invariant bilinear form on g. Let 
D = G X T. Given a parabolic subgroup P D B oi G, the Lie algebra q of 
Q = P X T is coisotropic but does not satisfy the condition q-*- C [q,q]. The 
following subalgebras provide a Lagrangian splitting of g © f): 

u = {{x + h, h) \ X ^ n, h £ I)} , u' = {{x + h, —h) [ x € n^, /i € f)}, 

where n and n~ are the nilpotent radicals of Liei? and LieS". Under the iden- 
tification (G xT)/{P xT) = G/P the Poisson structure Iiu,u' corresponds to the 
Poisson structure 



where, A+ is the set of positive roots of g corresponding to n, {ea} and {fa} are 
sets of root vectors of g, normalized by <C e^, fa ^= 1, and k is the extension to 
A^g of the infinitesimal action of g on G/P. It was shown in [9j that the partition of 



dim(C/.'e) + dim(u' n [) - dim{D/L) = 0. 



Q.E.D. 
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{G/P, vr) by T-orbits of leaves (which is a partition by regular Poisson submanifolds) 
coincides with Lusztig's partition jl^ of G/P. The strata of this partition are 

(2.13) prp {Bwi.B n B-W2.B) , wieW,W2£ W^^. 

Here prp : G/B — > G/P denotes the standard projection, W the Weyl group of 
(G, T), and W^i^x the set of the maximal length representatives of cosets in W/Wp 
where, Wp is the parabolic subgroup of W corresponding to P. 

Under the identification {G x T)/{P x T) ^ G/P the U and C/'-orbits on {G x 
T)/{P X T) correspond respectively to the B and S^-orbits on G/P. The coarser 
partition of (j2.13p by intersecting B and i?^-orbits on (G/P, tt) is no longer a 
partition by regular Poisson submanifolds \i P ^ B or G. This is easily seen by 
applying Theorem 14.101 below and the Poisson embedding [9], (1.10)]. 

2.5. Intersections of A^(u) and A^(u')-orbits. For a Lagrangian splitting 9 = 
u+u', let A^(u) and A^(u') be the normalizer subgroups of u and u' in respectively. 
Both A^(u) and A^(u') are closed subgroups of D, and sometimes iV(u) and A^(u')- 
orbits in a space D /Q are easier to determine than the f7 and C/'-orbits. This is 
the case for the examples considered in JQI In this subsection, we prove some facts 
on A^(u) and A'"(u')-orbits. 

It is clear from Theorem 12.31 that for any closed subgroup Q oiD with coisotropic 
Lie subalgebra q and for any Lagrangian splitting D = u + u', all iV(u) and A^(u')- 
orbits in D /Q are complete Poisson submanifolds with respect to the Poisson struc- 
ture IIu „/ , cf . Theorem 12.31 Recall the Poisson structure tt^ , on D from (j2.7p . 



Lemma 2.12. For any Lagrangian splitting d = u + u', the Poisson structure vr^^/ 
on D vanishes at all points in N{u) fl A^(u'). Consequently, for any closed subgroup 
Q of D with coisotropic Lie subalgebra q, A^(u)nA^(u') leaves the Poisson structure 
LIu.u' on D/Q invariant. 

Proof. Let d G A^(u) n A^(u'). If and {■^i, • . . , ^^n} is a pair of dual 

bases for u and u' with respect to (, ), then so are {Add(xi), . . . Adrf(2;„)} and 
{Adrf(6),...,Adrf(x„)}. Thus 



n 



7T. 



\i=l 1=1 / 

Since the (D, 7r|^^,)-action on (D/Q, IIu^u') is Poisson, A^(u) n A^(u') leaves Ily^u' 
invariant. 

Q.E.D. 

Next we generalize Theorem 12.71 to intersections of arbitrary A^(u)-orbits and 
A^(u')-orbits in D/Q. Its proof is similar to the one of Theorem 12.71 and is left to 
the reader. 
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Proposition 2.13. If c\ is a coisotropic subalgebra of d such that [q, q] C q , 
then for any closed subgroup Q with Lie algebra q and for any Lagrangian splitting 
= u + u' ofd, the intersection of any N(u)-orbit with any N(u')-orbit in D/Q is 
a regular Poisson submanifold for the Poisson structure Ilu,u' ■ 

Although Proposition 12 ■ 13] provides a stronger result than Theorem 12 .71 it is apri- 
ori possible that the geometry of the strata of the coarser partition from Proposition 
I2.13l is more complicated than that of the strata of the finer partition from Theorem 
I2.7[ The next result, Proposition 12.151 shows that this is not the case. First we 
prove an auxiliary lemma. 

Lemma 2.14. Let c) = u + u' be any Lagrangian splitting ofd. Assume that N(u) 
is connected. Then N{u) = {U' H N{u))°U , where {U' r\N{u))° denotes the identity 
component of the group U' D N{u). Moreover, N{u) is a Poisson Lie subgroup of 

{D,7t). 

Proof. This is because {U' r\N{u)yU is a connected subgroup of D with Lie algebra 
u' n n(u) + u which is equal to n(u) because c) = u + u'. 

Q.E.D. 

Proposition 2.15. Letd = u+u' be any Lagrangian splitting ofd, and assume that 
N{u) and N{u') are both connected. Let X be any Poisson space with a Poisson 
(D,!:^^,) -action. Let x £ X such that N{u)x H N{u')x ^ 0. Then the group 
N{u) nN{u') acts transitively on the set of intersections of U -orbits and U' -orbits 
in N{u)x n N{u')x. 

Proof. Using Lemma 12.141 we obtain 

N{u)x n N{u:)x = (J {aUx) n {U' (ix) 

aG(i7'nAr(u))°,/3e(r/nAf(u'))° 

IJ a{Ux n U'l5x) 

a&{U'r\N(u)Y,l3&{UnN{u'))° 

IJ al3{Uxf\U'x). 

aG(!7'nAf(u))°,/3G(C/nAf(u'))° 

Q.E.D. 

We finish this section with a formula for the corank of ]!„ „/ to be used in ^ As 
before Q d D \s assumed to be a closed subgroup with coisotropic Lie subalgebra 
q. For any d G D, let 

Corankn^, (d) = dim(7V(u).d n A^(u')'d) - Rankn,^ ^, (d) 

be the corank of IIu^u' in N{u).d n N{u').d at de D/Q. 
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Lemma 2.16. In the above setting, for any d ^ D, 

Corankn^, ^, (d) = dimn(u') — dim(Z)/Q) + dimn(u) — dimu 

- dim(n(u) n Ad^q) + dim(u n Ad^q) 

- dim(n(u') n Ad^q) + dim(u' n y), 

where id = Adf^q-*- + u fl Ad^g is the Drinfeld Lagrangian subalgebra as in (|2.12|) . 

Proof. Since N{u).d and N{u').d intersect transversally, 

dim(iV(u).dn iV(u')'d) = dim(iV(u).d) + dim{N{u').d) - dim{D/Q) 

= dimn(u) — dim(n(u) fl Ad^q) 
+ dimn(u') - dim(n(u') n Ad^^q) - dim{D/Q). 

By prni) . Rankn^^ ^,{d) = dimu - dim(u n Ad^q) - dim(u' n y. The formula for 
Corankn^j ^, (d) in Lemma 12.161 thus fohows. 

Q.E.D. 

3. The variety of Lagrangian subalgebras associated to a reductive 

Lie algebra 

3.1. General case. Let (0, ( , )) be a 2n-dimensional quadratic Lie algebra and let 
D he a connected Lie group with Lie algebra X). We will denote by C{d) the variety 
of all Lagrangian subalgebras of c). It is an algebraic subvariety of the Grassmannian 
Gr(n,i)) of re-dimensional subspaces of d. The group D acts on jC(li) through the 
adjoint action. 

Fix a Lagrangian splitting d = u + u', recall Ru,u' ^ ^'^^ given by (j2.5p . Let 
again k : — > be the Lie algebra anti-homomorphism from d to the Lie 

algebra of vector fields on C{d), and define the bi-vector field Ilu,u' = i<'iRu,u') on 
C{d). For / G 'C(c)), let A^(l) and n([) be respectively the normalizer subgroup of [ 
in D and the normalizer subalgebra of I in i). Then the D-orbit in C(X)) through [ is 
isomorphic to D/N{1). Clearly, n([) is coisotropic in d because it contains I. Thus 
it follows from Theorem 12.31 that Hu^u' is a Poisson structure on C{d), see also [7J. 
The following proposition now follows immediately from Theorem 12.71 

Proposition 3.1. Assume that (0, {, )) is an even dimensional quadratic Lie alge- 
bra and D is a connected Lie group with Lie algebra d such that for every I € Cij)) 

[n([),n(()]c(n(0)^. 

Then for any Lagrangian splitting d = u + u' , the intersection of an N{u)-orbit and 
an N(u')-orbit in C{d) is a regular Poisson submanifold for the Poisson structure 

nu,u' • 
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3.2. Second main theorem: the case of a reductive Lie algebra. When 
((),(, )) is a reductive quadratic Lie algebra, we have the following second main 
theorem of the paper. 

Theorem 3.2. If D is a connected complex or real reductive Lie group and { , ) 
is a nondegenerate symmetric invariant bilinear form on d = LieD, then for any 
Lagrangian splitting d = u + u' , the intersection of any N[\x)-orhit and any N{u')- 
orbit in C{d) is a regular Poisson submanifold for the Poisson structure on 



To prove Theorem 13.21 we need to check that in the setting of Theorem 13.21 the 
condition of Proposition 13 . 1 1 is satisfied. In fact, we prove a stronger statement. 

Proposition 3.3. Ifd is an even dimensional complex or real reductive Lie algebra 
and ( , ) is a nondegenerate symmetric invariant bilinear form on d, then for all 
Lagrangian subalgebras I of{d,{, )), [n([),n([)] = (n([))^. 

The real case in Prop osition 13.31 follows from the complex one. Indeed, let (d, ( , )) 
be a quadratic real reductive Lie algebra. Then (Oc, ( , )c) is a quadratic complex 
reductive Lie algebra. Let I be a Lagrangian subalgebra of (O, ( , )), and let n([c) be 
the normalizer subalgebra of Ic in dc. Then n([c) = (n([))£. Assume the validity 
of Proposition 13.31 in the complex case. We get 



where (.) denotes orthogonal complements in d and dc. This proves the real case 
in Proposition 13.31 

To obtain the complex case in Proposition 13.31 we need the following result of 
Delorme [4]. 

Theorem 3.4. [Delorme] Assume that )) is an even dimensional reductive 

quadratic Lie algebra. For each Lagrangian subalgebra I of{d,{, )) the normalizer 
of the nilpotent radical n of I is a parabolic subalgebra p ofd. In addition, p has a 
Levi subalgebra m whose derived subalgebra m = [m, m] decomposes as m = mi © m2 
and for which there exists an isomorphism 0: mi — > m2. If ^ denotes the center of 
m then 



where m = {x + 9{x) \ x G mi} C mi © m2. 

Proof of Proposition \3.S\ in the complex case. Let ( be a Lagrangian subalgebra of 
(D, ( , )) as in Theorem 13.41 

First we claim that n([) C p. Indeed, the normalizer of [ lies inside the normalizer 
of the nilpotent radical n of [ which is p: if y G n(l), then for small t, exp(tady) 



[n([),n([)] = [n([c),n([c)]nr) = (n([c))^nc) 
= ((n([))c)^nO = (n([))^ 



(3.1) 
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is an automorphism of I and thus of its nilpotent radical n. Taking derivative at 
t = 0, we get that y normahzes n. 
Next we wih show that 

(3.2) n([) = (m^e^) +n. 

The inclusion n(l) D (ffi^ ©3) + n is clear from (|3.1|) . Define the subspace 

= {x — 6{x) I X G mi} C m. 

Under the adjoint action of we have the direct sum decomposition of fti^-modules 

p = e m~ © 3 e n. 

If n([) 7^ (ffi^ © 3) +n, then there exists a nonzero Y = y — 9{y) € rti^ which belongs 
to n([). Since normalizes m~ we get that ady(rti^) = and thus ady(mi) = 0. 
This is a contradiction since rtii is semi-simple and y ^ 0. This completes the proof 
of (1^ . 

Repeating the proof with n([) in the place of I, which also satisfies (|3.ip as shown 
above, we get that n([) coincides with its normalizer. 

Now (|3.2p implies [n([),n([)] C rti^ + n. Because [ is a Lagrangian subalgebra of 
(t), ( , )), it is clear that + n C n(l)-^. Thus, [n(0,n(0] C n{l)^. By RemarkESl 
[n(l),n(()]=n(()^. 

Q.E.D. 

4. Ranks of Poisson structures on the variety C{q © g) 

4.1. The quadratic Lie algebra (fl © 0, ( , ))• Assume that g is a complex semi- 
simple Lie algebra and ^ , ^ is a fixed nondegenerate invariant symmetric bilinear 
form whose restriction to a compact real form of g is negative definite. Let c) = g©g 
be the direct sum Lie algebra and let ( , ) be the bilinear form on d given by 

(4.1) ((xi,X2), (yi,y2)) =< a;i,yi » - < X2,y2 >, xi,X2,yi,y2 ^ Q- 

In this section, we will study in more detail the Poisson structure 11(^^2 on C{q © g) 
defined by an arbitrary Lagrangian splitting g © g = ti + [2 . 

A classification of Lagrangian subalgebras of g © g was first obtained by Karolin- 
sky |llj . It also follows from the more general results of Delorme [1], where La- 
grangian splittings of an arbitrary reductive quadratic Lie algebras were classified. 
We will recall Delorme's classification in §4.21 Let G be the adjoint group of g. For 
[ G ^(g©g) denote by N{V) the normalizer subgroup of I in G x G. Let g©g = Ii + [2 
be an arbitrary Lagrangian splitting. By Theorem l3.2l the intersection of any A'^([i)- 
orbit and any A'^(l2) -orbit in >C(g©g) is a regular Poisson submanifold for the Poisson 
structure Hj^jj. Using results from [15J, we will describe the A^(li) and A^([2)-orbits 
in C{q ©g) and will obtain an explicit formula for the rank of 11(^^2 an arbitrary 
[e£(g©g). 
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4.2. Lagrangian splittings of (fl © 0, ( , )). Fix a Cartan subalgebra f) of 3 and 
a choice A+ of positive roots in the set A of all roots for (g, f)). Let F be the set of 
simple roots in A+. For each a E A, let Ha G f) be such that <^ x, Ha ^= a{x) for 
all X G f). We will also fix a root vector Ea for each a G A such that [E^, E^a] = H^- 
Following |2H [5] , we define a generalized Belavin-Drinfeld ( gBD ) triple to be a triple 
{S, T, d), where S and T are subsets of F and d : 5 — > T is a bijection such that 
< Hda, Hdp >=< Ha,Hf3^ for all a G 5. 

For a subset 5 of F, let A5 be the set of roots in the linear span of S. Set 

and ps = ms + ns and = ms + n^. We set = [m^, ms] and 

f}s = n m5 = Spanc{Fa : a G As}, is = {x e ^ \ a{x) = 0, Vq G 5}. 

Then we have the decompositions = 3s + hs, = 35 + "^s and 

P5 = 35 + 1TIS + ns, Ps =35 + ms + n5;. 

Recall that G denotes the adjoint group of g. The connected subgroups of G with Lie 
algebras pS; Ps' ™5) ^^'^ % ^i^^ be respectively denoted by Ps, Ps ^ -^5, -^5 and 
A'^^. Correspondingly we have the Levi decompositions Ps = MsNs, = MsNg . 
Let Zs be the center of Ms, and let Xs ■ Ps ^ Ms/Zs be the natural projection 
by first projecting to Ms along Ns and then to Ms/Zs- We also denote by xs the 
similar projection from Pg to Ms/Zs- 

For a generalized Belavin-Drinfeld triple (S, T, d), let >Cspace(35©3r) be the set of 
all Lagrangian subspaces of 3s © 3t with respect to the (nondegenerate) restriction 
of ( , ) to 3s © 3t- Let 6d '■ tris — > ttit be the unique Lie algebra isomorphism 
satisfying 

Qd{Ha) = Hda, (^d{Ea) = Eda, Va G S. 

For every V G Cspacei^s ©3t), define 

(4.2) ls,T,dy = V + {{x, 9d{x)) I X G ms} + (ns © ht) C ps © Pt, 

(4-3) i's,T,d,v = V + {(^^ ^d{x)) I X G ms} + (ns © n^) C ps © P^, 

(4-4) ^'s,TAV = y + {{^^ ^d{x)) I X G ms} + {n's ® "^t) C p^ © Pt- 

It is easy to see that is,T,d,v, ^'s t dv^ ^"^^ ^"sT dv ™ 'C(0©s)- The subalgebras 

^'sTdV ^"^^ ^"sTdV ^'^^ of course conjugate to ones of the type is,T,dy- Indeed, let 
W be the Weyl group of (g, [)), and let wq be the longest element in W . For ^ C F, 
let Wa be the subgroup of W generated by simple reflections with respect to roots 
in A, and let xa = wqWq^a where wo,A denotes the longest element of Wa- Then it 
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is easy to see that 

^S,TAV = ^d^s,e)'-^o(5),T,dxji,Ad(ig,,)y' 

where xt and xs are representatives in G of xt and xs respectively. 

Denote also by the (unique) group isomorphism Mg/Zs Mt/Zt induced 
by 9d : ffis — > ^T- Corresponding to the subalgebras in (j4.2p - (|4.4p . we define 

(4.7) Rs,T,d = {{pi,P2) ePsxPrl 9d{xs{pi)) = Xt{p2)} C Ps x Pt, 

(4.8) R's^T,d = {(Pi,P2) ePsxP^l OdixsiPi)) = Xt{P2)} CPsx P", 

(4.9) RlT,d = {iPi,P2) G Ps X Pt \ OdixsiPi)) = Xt{P2)} C P^ x Pt. 

One knows that Rs,T,d, P'sTd^ ^^'^ P'sTd connected [H Lemma 2.19]. Cor- 

responding to (|4.5p and (|4.6p , we have 

(4-10) ^'s,T,d = ^'^le,XT)^S-wo{T),XTd, 

(4-11) Rs,T,d = ^'^iLe)^-^oiS),T,dx-,^- 

The Lie algebras of Rs^T,d, P's t d^ ^STd ^^^^ denoted by ts,T,d,''^'s t d^ ^^'^ 
rp ^ respectively. 

Proposition 4.1. [8] Every (G x G)-orbit in £(g0g) passes through an ls,T,d,v for 
a unique generalized Belavin-Drinfeld triple {S,T, d) and a unique V G jCspace(35 ® 
3t)- The normalizer subgroup of ls,T,d,v in G x G is Rs,T,d- 

Definition 4.2. For generalized Belavin-Drinfeld triples {Si,Ti,di), z = 1,2, let 

S^^ '^^ = {q g 52 [ {d^^d2)"'a is defined and is in S2 for n = 1, 2, • • • }. 

A generalized Belavin— Drinfeld system is a pair of quadruples {Si,Ti,di, Vi) 
and (5*2, T2, ^2, V2), where for i = 1,2, {Si,Ti,di) is a generalized Belavin-Drinfeld 
triple and Vi € CgpaceidSi ®dTi), such that 

1) S^'"'^' = 0; 

2) f)i n f}2 = {0}, where f)i = + {{x, 9d{x)) | x £ fjsj C f) f) for i = 1, 2. 

Theorem 4.3. [H Delorme] Every Lagrangian splitting o/g©g is conjugate by an 
element in G x G to one of the form © = Ii + [2, where 

/or a generalized Belavin-Drinfeld system {Si, Ti, di, Vi), {S2, T2, (i2, V2). 

Let © = (i + [2 be a Lagrangian splitting with [1 and I2 given in (j4.12p . By 
Theorem l3.2l any non-empty intersection of an A^([i) and an A^([2)-orbit in C{q(Bq) 
is a regular Poisson subvariety for the Poisson structure 11(^^2 . A classification 
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of A^(li) and A^(l2)-orbits will be given in § 14.31 We now prove that every non- 
empty intersection of an A''([i)-orbit and an A^(l2)-orbit in C{q © g) is smooth and 
irreducible. Let H be the connected subgroup of G with Lie algebra f). 

Proposition 4.4. For a Lagrangian splitting © = Ii + t2 with (i and [2 given 
by (j4.12p . N{[i) n A^([2) is a subtorus of H x H of dimension dim35j -|-dim352- -^'^ 
particular, A^(li) n A^([2) is connected. 

Proof. It follows from Proposition 14. II that 

(4.13) Nik) = R's^^T^^,^ and Nii^) = B'^,,T,4r 

For notational simplicity, let xi = xt^,X2 = xs2- By (j4.10p and (|4.1ip . 

iv([i) niv([2) = (Ad(-^;,^)i25,-.om),xidi) n {^^-(l,e)R-u,,is,),T,,d,.--) ■ 

Since x^^ e VF-^-oCSa) ^nd xi £ -""oCrOp^^ [j5| Theorem 2.5] to deter- 

mine N{h) n iV(l2). Set N = Ndf. Since S^'''^' = 0, [13 Theorem 2.5] implies that 
N{h) n A^([2) C B X B and iV(li) n A^([2) = {N{h) n iV(l2))'^^(A^([i) n Af([2))^", 
where 

(Af([i) n A^((2))''"'^ = iv(ii) n iv(i2) n{Hx h), 
{N{h) n A^((2))''" = N{h) n iV(l2) n (iv X A^). 

Moreover, \15\ Theorem 2.5] also tells us that 

(iV([i) niV([2))"'^' = (NnAdT^iN^^^^^s,))) X (iVn Ad7i(Ar_,^„(^^))). 

It is easy to see that (N D Ad^^{N_.^g(^s2))) x n Ad^^{N^.^g(^T^))) is the trivial 
group. ThusiV(li)nAf([2) = N{h)nN{l2)n{H x H) consists of all {hi, 112) eHxH 
such that 

^diXSiihi) = XTi{h2), 
0d2XS2{hi) = XT2{h2), 
which are equivalent to 

(4.14) h'^ = /i^i", Va G Si and /if = h^"^ , V/3 G 52- 

Let r = {«!, 02, • • • , Or} be the set of simple roots of q. Since G is the adjoint 
group of 0, we can identify H x H with the torus (C^)^*" by the map 

HxH^iC^^r-. {hi,h2)^{K\ hT, ••• , /^r, /i^, h'^\ ... , /i""). 

The conditions in (j4.14p imply that the coordinates /i" of hi for a € 5i U 5*2 are 
expressed in terms of coordinates of /12, and we have the extra conditions 

(4.15) /i^i° = /i^2°, a(^Slr^S2 
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for the coordinates of /12. To understand the conditions in (14.150 . recall that 
S^^ ^2 _ 0^ Thus for every a G Si H S2, there is a unique integer n > 1 and 
unique elements a^^^ = a, a^^\ a^'^\ ■ ■ ■ , a^"~"^^ £ SiCi S2 such that 

and either d2a("-i) ^ Ti or ds"^""^^ = dia^"^ for some q(") G S*! but ^ 52- 
Then the conditions in (|4.15|) are equivalent to 

bmce we see that the conditions (j4.15p express /i^i" for 

every a G 5i PI 5*2 in terms of h2 for some /3 ^ (ii(S'i H 52). We conclude that the 
set of (/ii,/i2) H X H satisfying ()4.14p is a subtorus of H x H with dimension 
equal to 

2dimH - \Si U ^2! - \Si n S2I = 2dim/7 - - IS2I = dimj^i + dim^Sa- 

Q.E.D. 

Corollary 4.5. For any Lagrangian splitting 5 © 5 = Ii + (2, all N{li)-orbits and 
N{l2)-orbits in C{q s) intersection transversally, and every such non-empty in- 
tersection is smooth and irreducible. 

Proof. Clearly n([i) + n([2) = © 0, where n([j) is the Lie algebra of N{li) for 
i = 1,2. Since A^((i) nA^([2) is connected, Corollarv 14.51 follows from [201 Corollary 
1.5]. 

Q.E.D. 

4.3. A^([i) and A^([2)-orbits in C^g^g). Assume that 0©0 = [i + b is a Lagrangian 
splitting with [1 and [2 given in (j4.12p . We now use results in [15] to describe -/V(li) 
and iV([2)-orbits in C{q © q). 

For ^ C r, let and "^W be respectively the sets of minimal length represen- 
tatives in the cosets in W/Wa and For each w G W, we fix a representative 
w of w in the normalizer of H in G. 

Proposition 4.6. 1) Every N{li) = R'g_^ j,^ ^_^-orbit in C{q © 0) is of the form 

^'si ,Ti ,di Ad(i,i ,V2m2) ^S,T,d,V 

for a unique generalized Belavin-Drinfeld triple {S,T,d), a unique V G /^spacc(35 © 
a unique pair {vi,V2) G x ^W, and some m2 G M'p(^^ ,^2) 

T(vi,V2) = {a G T [ (v2^ divid'^)^a is defined and is in T for n = 1, 2, • • • }. 

2) Every N{{2) = R'g^ ^^-orbit in C{q © 0) is of the form 
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for a unique generalized Belavin-Drinfeld triple {S,T,d), a unique V S >Cspace(35 © 
3t); a unique pair {wi,W2) G "^W x W'^ , and some mi S Ms[wi,w2) ^^^^ 

S{wi,W2) = {a € 5 [ {wi^d2^W2d)"'a is defined and is in S for n = 1, 2, • • • }. 

Proof. In we gave a description of the {Rsi,Ti,di , Rs,T,d)-(iouhle cosets in G x G. 
The first part follows from (lilH . [TKl Theorem 2.2], and the fact that -^"(^)w = 
XA^W, C r, see i ^4.2l for the definition of xa- 

Let o" : G X G — > G X G : 52) I— > (52; 5i)- Then using first part and the facts 
that 

we get part 2). 

Q.E.D. 

Let Oi be an A^([i) = i?'^^ ,^^^^^ -orbit and O2 an N{l2) = R'g^ j.^^a^-OT:hit in £(0 © 
g). By Proposition 14.61 we can assume that 



(4-16) Oi = 5n^^^^Ad(i,^^^2„2)l5,T,d,V', 

(4-17) O2 = -Rs2,T2,d2^*^(w'imi,«'2)'s,T,d,y, 

where {S,T,d,V), vi,V2,wi,W2 and mi and m2 are as in Proposition 14.61 Let 

(4.18) Si{vi,V2) = d^^V2T{vi,V2) = vid^^T{vi,V2) C 5i 

(4.19) S2{wi,W2) = WiS{wi,W2) = d2^W2dS{wi,W2) C S2. 



In other words, Si{vi,V2) is the largest subset of Si that is invariant under the 
partial map vid^^V2^di : F — > P, and S'2(u'i, ^2) is the largest subset of ^2 that is 
invariant under the partial map wid~'^W2^d2 : P ^ P. 

In order to compute the rank of 11(^^2 at an [ G Oi n O2 using Lemma [2.161 we 
need to compute the dimensions of various intersections of subalgebras in n(li), n([2) 
and n([). Such intersections can be described using the following Proposition 14.81 
which is derived from jl5l Theorem 2.5]. 

Recall that for q C 5 © g, = {x e g © g | (x, y) = 0, Vy G q}. Clearly 

4,T,d = ns © riT + {(x, Odix)) \ x G m^}, 
^'it.Ti.di = "Si © + {(x,0rfi(x)) ! X G msj, 
4^2,^2 = "S2 ® "^^2 + {{x,0d2{x)) I X G msa}- 

Notation 4.7. Let 5 (reps. 5', S") be the set of all subspaces of xs,t4 (resp. 

4i,Ti,di' 42,T2,d2) contain r^.^^^ (resp. 4^,^^,^^, '^"s2,T2,d2^- ^or a G 5, let 

K = a n (35 © It) and 

X = + {(a;, Odix)) I X G 3d-iT(„i,^2) n 
=K + {(^,^d(a;)) |xG3s( 
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For a' G 5' and a" G 5", let 

Va' = a' n{}Si®}Ti) and Ya> = Va' + {{x,edi{x)) \ X e iSiivi,V2) ^^Si}, 

Va" = a" n (352 ffi^Ta) and Y^" = V^" + {(x, 6*^3 (x)) [ x G 352(i«i,i«2) ^ 'l^l- 
We also set 

(4.20) fi = t'^f^Ti.di ^ Ad(i^^^,2m2)rs^2._^ n {ms^(^vuv2) © irirf^Si^.^a))- 
Proposition 4.8. For any a' G 5i and a G 5, one has the direct sum 

a' n Ad(i,j^i,2^2)a = (a' n Ad(^y^^i,2^2)ay'"^ + (a' n Ad(i,j^^,2^2)a)'''\ 

(a' n Ad(i,j^i,2m,2)o)'''''^ = 0' n Ad(^j^i,2m2)a n {ms-^(vi,v2) © "^di5i(i>i,t)2)) 
= Yd' n Ad(j,^ ,)2)X^ + fi {direct sum), 

and (a'nAd(i,j ^^2^2)0)™^ = o'nAd(i,^_i,2„2)on(n5^(^^^^2)en^^^^(,^^^^^p. T/ie dimension 
of the latter is equal to l{v2) + dim(n H Ad{,^(n5)). 

Proof. Using ()4.5p and [151 Theorem 2.5], one can see that 

a' n Ad(i,^^^2m2)a C P5iK,^2) © Pdi5iK,^2) 

and that 

0' n Ad(i,^_i,2m2)0 = (0' n Ad(^^_i,2„2)'^)''''*^ + i'^' 1^ Ad(i,^_i,2m2)0)'"' 

= a' n Ad(i,^^i,2m2)<l n (msj^{v-^^v2) © Tndi5i(t;i,i)2)) 

+ a n Ad(i,j,i,2^2)a n (n5^(^^,„2) n~ ^^^^^^^^p. 

The dimension formula for (a'n Ad(i,^ ,)2m2)Ci)'^'' also follows from [151 Theorem 2.5]. 
It now remains to show that {a' (1 Ad(^^^^i,^m2)'^y'^'^ ~ Ya' -Ad(^ij-^^^^-jX'^ + fi as a direct 
sum. Clearly, Y^' fl Ad(^^ ,j2)^a fi intersect trivially, and their sum is contained 
in (a'n Ad(i,j^^2m2)a)''''^- 

Suppose that (x, y) G (a' n Ad(i,j^^,2m2)Ci)'^'^*^- Write x = xi + X2 and y = yi + y2, 
where xi G 35iK,i)2)' e m5j(^^_„2)' ^ 3di5iK,i>2) and yi G mrf^s^(„^^^2)- Because 
(x,y) G a' C tr's^^TiA' '^^ '^^^^ ^rfiXSi(a;i) + 0di{x2) = XtAvi) +^2- It follows from 
the direct sum decomposition U^Si{vuv2) = 3Ti + ldA(vi,v2) ^ f)Ti that XTi(yi) G 
l>Si{vuv2)^^Ti- Similarly, XsA^i) S 35i(i>i,»;2) ^ ^JSi • Thus 9d^XSi{xi) = XtAvi) and 
6*^1 (2:2) = y2- Hence (^2,^2) S t'^f,Ti,di ^ ^nd therefore (xi,yi) G (351^,1)2) © 
3diSi(i;i,D2)) n a' = Yn'. In the same way one shows that (xi,yi) G Ad(i,j^^2)^ci and 
(X2,y2) G ^<i(^vi,v2m2)^S,T,d- ^hus (xi,yi) G y^/ n Ad(^,^^i,2)X^ and (^2,^2) € fi. 

Q.E.D. 
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Corollary 4.9. For any a, b G 5, a', b' G S' , and a", b" G S" , 

(4.21) dim(a' n Ad(^^^^i,^^^)a) - dim(b' n Ad(^^^ ^^.^^^^b) 

= dim(y„, n Ad(i,^,i,)X;) - dim(yfa, n Ad(i,^,^,)X[,), 

(4.22) dim(a" n Ad(^^„^_^2)o) - dim(b" n Ad(^j„^,^2)b) 

= dim(y„» n Ad(^^,^2)X;') - dim(yt,// n Ad(^^,^2)X[,'). 

Proof. Let fi be as in (j4.20p . We know from Proposition 14.81 that 

(o' n Ad(^,,^,^,)a)''^'^ = n Ad(^^,^,)X; + fi 

is a direct sum. Replacing a' by b' and a by b, we get 

dim(a' n Ad(^^^i,2„2)o) - dim(b' n Ad(i,^^^2^2)b) 

= dim(a' n Ad(^^,^2m2)'^)''''^ " dim(b' n Ad(^^,i,2^2)b)''*'^ 
= dim(y„/ n Ad(^^,i,2)X;) - dim(yt,/ n Ad(^^,i2)^b)- 
(|4.22p is proved by using (|4.2ip and the map (t : © ^ © : {x,y) {y,x). 

Q.E.D. 

4.4. The rank of the Poisson structure [2 on £(0 ©0). 

Theorem 4.10. Let © = li + 12 be a Lagrangian splitting as in (14. 12^ and let 
Oi and O2 he respectively an A^([i) and an N(l2)-orbit in >C(0©0) as in (j4.16p and 
(|4.17p . Then the corank 0/ 11(^^2 in Oi H O2 is equal to 

dim35j + dim352 + dimj^ — dim(yi fl Ad^^^ ,)2)^i) + dim(Zi PI Ad^^^ .y^) ^1) 

- dim(y2 n Ad(^^_^2)X2) + dim(Z2 n Ad(^^_^i,2)X), 



where 



= {ld-^T{vi,V2) ®lT{vi,V2)) f^rs,T,d 

= 35 © dT + {ix, Odix)) I X G hd-^T{vuV2) ^ ^S} 

= 35 © 5t + {{x, Od{x)) I X G ls{wi,w2) n hs} 

Yl = {}Si(v^,V2) ® 3di5i(t.i,t>2)) l^^5i,Ti,di 

= 35i © 3Ti + {{x,ed^{x)) I X G 35i(i>i,D2) ^ 

Y2 = {'bS2{wi,W2) ® ld2S2{wi,W2)) ^ ^S2,T2,d2 

= 352 ® 3T2 + {{x,0d2{x)) I X G 352(«)i,i«2) n '552} 

^1 = (3Si(»;i,«2) ® 3di5i{»;i,i)2)) 1^ '5i,Ti,di,Vi 
= 1/1 + {(x,^rf,(x)) I X G 3Si{»;i,t;2) ^ ^sA 

Z2 = {iS2{wi,W2) ® dd2S2{wi,W2)) ^ ^S2,T2,d2,V2 
= V2 + {{X,ed2{x)) I X G lS2(wi,W2) n f)S2}, 
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andX = p{XinAd^l^ .^~^Zi)+{{x,edix)) \ x e is{wi,w2)f^^s} withp: [)©f) ^ 35©3t 
being the projection along l)s ® i)T- 

Proof. Let I £ Oi f] O2 he given by 

(4.23) [ = Ad(r^^r-;,)(t;i,i>2m2)'5,T,d,y = ^^(^r'-; ,r'^){winii,W2)^S,T,d,V , 

where (r'i,r^) G N{h) = R's,^T,,d, and (r'/,r^') G Ar(l2) = R's^^t^A^' ^he formula 
for the corank of at [ G Oi n 02 involves the Drinfeld subalgebra T([) of 3 © g 
defined by T([) = n([)^ + Ii nn([), cf. Proposition 12.5^ where again n([) is the 
normalizer subalgebra of [ in g © g. We first compute T{[). Since 

Ad(r/_r^,){t)i,t.2m2)^S,T,d = 1^(0"^ C T([) C n([) = Ad(^^^r9(t>i,i>2m2)1^S,T,d, 

we know that T([) = Ad^^^ ,)2m2)'5 y for some V G /^(^s © It)- On the 
other hand, 

T{{) = Ad(^/,^/)(i,^,^2m2) (4,T,d + rs,T4 n Ad^.; . 

Thus l^^^^^ y = tj^jr^a + rs,T,d n Ad-.; = Xi n Ad-.; + tj^^^a, where the 

second identity comes from Proposition 14. 8i Hence 

v = pix,nAd-l,^^z,). 

Now by Lemma 12.161 the corank of Hfj (2 in ^1 n ©2 at the Lagrangian subalgebra 
I given by (fOSj) is 

Corankn,^ (2 = "^i^^Si + dim^Sj + dimjs 

- (^^'^i^'suTi^i ^ ^^{vuV2ni2)'^S,T,d) + ^^"^i^'sun^uVi ^ ^(^{vuV2m2)^S,T,d) 

- dim(r52,T2,d2 ^^{wimi,W2)^S,T,d) + ^^'^i^'s2,T2,d2 ^ ^^{■wimi,W2)^s,T,d,V^- 

Applying Corollarv l4.9l we get the desired formula for the corank of (2 in Oin02- 
This completes the proof of Theorem 14.101 

Q.E.D. 

Example 4.11. Let gdiag = {ix,x) \ x G g}. A Lagrangian splitting of the form 
g © g = gdiag + U where [ G £(g © g), is called a Belavin-Drinfeld splitting. Let 
Gdiag = {{9^9) I 9 £ G}. It is shown in [I] (see also [51 Corollary 3.18]) that every 
Belavin-Drinfeld splitting of g © g is conjugate by an element in Gdiag to a splitting 
of the form 

(4-24) g eg = gdiag + t'4,r2,d2,V2' 

where {S2,T2,d2) is a Belavin-Drinfeld triple in the sense that 

= {a G S'2 j dJ^a is defined and is in ^2 for n = 1, 2, • • • } = 0, 

and V2 G Apace(3S2 ©^Ta) is such that f)diag n {V2 + {(x, 6*^2 (a;)) I x G {5^2} = 0. 
In other words, (j4.24p is the special case of the splitting in (j4.12p with [1 = gdiag- 
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Keeping the notation as in Theorem 14. 101 we have V2 = 1, and the corank of Ilij jg 
in Oi n O2 in this special case simphfies to 

dimjs'a + dimes' - dim(y2 n Ad(^^^^^^)X2) + dim(Z2 n Ad(^^ 

When T2 d2 V2 ~ '0 := n~ © n + f)_diagi where n and n~ are respectively the 
span by positive and negative root vectors and f)-diag = {ix,—x) | x G f)}, the 
splitting © g = fldiag + is called the standard splitting of g © g [8]. In this case, 
N{Iq) = X where B^ = P^^ and B = P0 are two opposite Borel subgroups, 
and in the notation of Theorem 14.101 wi ^ W and W2 € W'^. The corank of Ht^^j 
in Oi n02 in this special case further simplifies to dim(f)_diag H Ad(^,^ ^,2)^)) where 

X = {{AdT^^x,x) I X € 3tk), te(Ad7^^x) = xt{x)} + {{y,Od{y)) \ y e hs}- 

This formula has been obtained in [8]. 

4.5. The wonderful compactification of G. Recall [3j that the wonderful com- 
pactification G of G is the closure of the Lagrangian subalgebra gdiag inside >C(g©g). 
Let g © g = (i + [2 be a Lagrangian splitting with [1 and I2 given by (j4.12p . Then 
G is a Poisson submanifold of C{q © g) with respect to the Poisson structure 11(^^2 
because it is {G x G)-stable. In [16j, to each of the above Lagrangian splittings 
we associated two partition Vi, i = 1,2, of G into finitely many smooth irreducible 
locally closed A^(lj)-stable subsets. The strata of Vi are indexed by the Weyl group 
elements in Proposition 14.61 and are obtained by putting together the A/^([j)-orbits 
corresponding to different continuous parameters. When li = gdiag, the subsets 
in "Pi are the Gdiag-stable pieces introduced by Lusztig [I8l |19] . Each stratum of 
Vi and 1^2 is a Poisson submanifolds of (G, IIi^jj). Theorem 14.101 shows that the 
corank of 11(^^2 at an [ e G in (iV([i).[) fl (iV([2).[) depends only on the stratum of 
Vi (or 1^2) to which [ belongs. 
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